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Analysis of the periodic points of a conservative periodic dynamical system uncovers the basic kinematic
structure of the transport dynamics, and identifies regions of local stability or chaos. While elliptic and
hyperbolic points typically govern such behaviour in 3D systems, degenerate (parabolic) points also play
an important role. These points represent a bifurcation in local stability and Lagrangian topology. In this
study we consider the ramifications of the two types of degenerate periodic points that occur in a model
3D fluid flow. (1) Period-tripling bifurcations occur when the local rotation angle associated with elliptic
points is reversed, creating a reversal in the orientation of associated Lagrangian structures. Even though a
single unstable point is created, the bifurcation in local stability has a large influence on local transport and
the global arrangement of manifolds as the unstable degenerate point has three stable and three unstable
directions, similar to hyperbolic points, and occurs at the intersection of three hyperbolic periodic lines.
The presence of period-tripling bifurcation points indicates regions of both chaos and confinement, with the
extent of each depending on the nature of the associated manifold intersections. (2) The second type of
bifurcation occurs when periodic lines become tangent to local or global invariant surfaces. This bifurcation
creates both saddle–centre bifurcations which can create both chaotic and stable regions, and period-doubling
bifurcations which are a common route to chaos in 2D systems. We provide conditions for the occurrence of
these tangent bifurcations in 3D conservative systems, as well as constraints on the possible types of tangent
bifurcation that can occur based on topological considerations. [This paper is available from AIP Publishing
at http://dx.doi.org/10.1063/1.4950763]
Periodic points play a pivotal role in the organ-
isation of transport and mixing in periodic fluid
flows. Locally stable (elliptic) periodic points in-
dicate regions of non-mixing, whereas locally un-
stable (hyperbolic) periodic points are necessary
for chaos and mixing. There is a third type of pe-
riodic point, known as a degenerate (parabolic)
point, for which the only local deformation of
fluid elements is shear. These points are often
overlooked but also play an important role as they
are on the brink of the stable/unstable classifica-
tion and indicate abrupt changes in local stability.
We demonstrate the impact of these degenerate
points on transport in a model 3D fluid flow. In
particular we discuss period-tripling bifurcations
that occur when the rotation of elliptic points re-
verses direction, and tangent bifurcations that oc-
cur when periodic lines become tangent to invari-
ant surfaces.
a)Electronic mail: lachlan.smith@monash.edu
I. INTRODUCTION
Despite their ubiquity, the properties and organization
of passive tracer transport in 3D time-periodic flows has
received less attention than 2D flows1, largely because
the correspondence between 2D incompressible flows and
one degree-of-freedom Hamiltonian systems breaks down
for 3D systems. The correspondence between 2D incom-
pressible flow and Hamiltonian mechanics means that for
such systems, the tools and techniques of over a century
of research into Hamiltonian chaos can be directly ap-
plied to understanding fluid mixing. Moreover, the addi-
tional spatial dimension results in an explosion of geomet-
ric complexity, creating more possibilities for transport
and mixing structures. The combination of these factors
means that transport and mixing in 3D incompressible
flows is a rich source of ongoing research.
Central to the dynamical systems approach for conser-
vative periodic systems is the analysis of periodic points,
i.e. those that return to their initial position after some
number of flow periods. In both 2D and 3D these provide
the backbone of the kinematic template which governs
transport and mixing. Elliptic points indicate a region
of local stability and are generally associated with non-
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2mixing regions, whereas hyperbolic points generate the
stretching and folding motions which lead to chaos2. In
2D systems bifurcations of periodic points play a sig-
nificant role in transport organization, corresponding to
abrupt changes in the topology of coherent structures.
These bifurcations are typically controlled by a single
perturbation parameter. In contrast, periodic points in
3D flows may be found as periodic lines3–5, a curve of pe-
riodic points, and the bifurcations exhibited by 2D sys-
tems can arise in 3D systems with the spatial dimension
normal to locally 2D transport acting as the perturba-
tion parameter. This is made clearer in 3D flows which
admit a single invariant, such that transport is confined
to a nested set of 2D invariant surfaces. In these cases
the direction normal to the invariant surfaces can act as a
perturbation parameter for the nested set of 2D systems6.
Bifurcation points on periodic lines are necessarily of
degenerate type (also known as parabolic type), where
only shearing of local fluid can occur. While often over-
looked, these points can have a significant effect on global
transport3, representing points of bifurcation in local sta-
bility and transport topology.
To probe the influence of degenerate points on trans-
port and mixing, we study the bifurcations that occur
on periodic lines in a 3D model flow, the 3D Reoriented
Potential Mixing (3DRPM) flow, that is driven by a pe-
riodically reoriented dipole flow. We demonstrate a type
of period-tripling bifurcation that is seen in some 2D
systems7–9 and has been observed in a 3D model flow4,
but its implications for transport have not been fully ex-
plored. In 2D systems the period-tripling bifurcation oc-
curs as the merging of three period-3 hyperbolic points
at a degenerate period-1 point. Unlike period-doubling
bifurcations where the period-2 points appear after the
bifurcation, the period-3 points exist both before and
after the period-tripling bifurcation, such that there is
only a single value of the bifurcation parameter where
the period-3 points do not exist. It is for this reason
the bifurcation has been described as a ‘touch-and-go’
bifurcation9. In 2D this bifurcation results in a reversal
in orientation of local Lagrangian structures, but the bi-
furcation itself has little impact on global transport prop-
erties. On the other hand, for 3D systems the third spa-
tial direction can act as the bifurcation parameter for lo-
cally 2D transport, and period-tripling bifurcations occur
where three period-3 hyperbolic lines intersect a period-
1 line. These period-1 and period-3 lines are extensive
and their manifolds are even more extensive, forming the
kinematic template for a large portion of the flow do-
main. This entire transport structure is organized by the
single bifurcation point, and is observed to destroy invari-
ant tori, create ‘sticky’ regions where particles are loosely
trapped, create chaotic regions and affects transport in a
region of the domain that is vastly more extensive that
just the ‘neighborhood’ of the bifurcation point.
In standard periodic point analysis, the eigenvalues
of the Jacobian determine whether periodic points are
elliptic, hyperbolic or degenerate. The corresponding
eigenvectors have been used to determine the direction
of continuation of periodic lines as well as the directions
of contraction and expansion. We demonstrate an addi-
tional property of the eigenvectors in 3D conservative sys-
tems, showing that points where the eigenvectors become
linearly dependent (coplanar) correspond to bifurcation
points. The bifurcations at these points are constrained
by the ‘Poincare´ index’, a conserved topological quantity.
We detail two of the possible bifurcations that can occur:
saddle–centre and period-doubling bifurcations, with em-
phasis on the transport barriers and chaotic regions that
can be created by saddle–centre bifurcations. In systems
which admit an invariant, these types of bifurcations oc-
cur when the periodic line becomes tangent to the invari-
ant surfaces, providing a simple tool for their detection
and analysis. In the absence of an invariant, such as in
the 3DRPM flow, the system still admits local invariants
based on local 2D approximation and these bifurcations
occur at points where the periodic line becomes tangent
to the iso-surfaces of the local invariant. We call this type
of bifurcation a tangent bifurcation10, since they occur at
points where periodic lines meet local/global invariants
tangentially.
II. THE 3DRPM FLOW
As a model for transport and mixing in 3D fluid
flows, in particular porous media flows, we consider a
periodically reoriented 3D dipole flow, the 3D Reori-
ented Potential Mixing (3DRPM) flow11–13. It is a nat-
ural three-dimensional extension of the 2D RPM flow
which has been studied in the context of contaminant re-
mediation and heat extraction/injection in groundwater
flows14–17. A sink/source pair is used to model the ex-
traction/injection of fluid produced by valved well-bores
used in groundwater applications18.
A. Steady dipole flow
A steady dipole flow forms the basis for the time-
dependent reoriented flow. It is driven by a source/sink
pair located at z± = (0, 0,±1). While the open dipole
flow in an infinite 2D domain possesses a separating
streamline coinciding with the unit circle, the corre-
sponding stream-surface in 3D does not coincide with
the unit sphere. We therefore confine the flow to the
unit sphere Ω, using a free-slip boundary condition.
This flow is axisymmetric about the z-axis, admitting
an axisymmetric Stokes stream-function Ψ, such that
v = ∇× (Ψ/ρ)eˆθ where (ρ, θ, z) denote cylindrical coor-
dinates. Combining incompressibility with the boundary
conditions yields the equations governing the flow poten-
tial Φ, where v = ∇Φ,
∇2Φ = 0, and n · ∇Φ∣∣
∂Ω
= δ(z − 1)− δ(z + 1), (1)
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FIG. 1. Steady dipole flow. (a) Contours of the axisymmetric
potential function Φ and velocity field v. (b) Isosurfaces of
the axisymmetric stream function Ψ.
where n is the outward normal to the boundary ∂Ω and
δ is the Dirac delta function. We solved these equations
using the method of images19 to find an analytic expres-
sion for the flow potential Φ. In turn analytic expressions
can be found for the velocity field and the axisymmetric
Stokes stream-function Ψ:
Φ(ρ, θ, z) =
1
4pi
(
2
d−
− 2
d+
+ log
(
d+ − z + 1
d− + z + 1
))
(2)
Ψ(ρ, θ, z) =
1− ρ2 − z2
4pi
(
1
d−
+
1
d+
)
(3)
where d± =
√
ρ2 + (z ∓ 1)2 are the distances from the
poles z±. Contours of Φ and Ψ are shown in Fig. 1 to-
gether with the velocity field v. Both the stream-function
Ψ and azimuthal angle θ are invariants of the steady
flow, and fluid particles follow streamlines given by in-
tersections of these two isosurfaces. These streamlines
are illustrated in Fig. 1b as solid lines on the surfaces.
As the steady dipole flow is a potential flow, it is also
a Darcy flow20,21, i.e. it can be expressed in the form
v(x) = −K
µ
∇P (x) (4)
where µ is the fluid viscosity, K is the permeability of
the porous media, and the pressure gradient ∇P is ob-
tained by scaling the flow potential Φ. Therefore, the
steady dipole flow also serves as a model for homoge-
neous porous media flow, with the dipole mimicking the
action of injection and extraction of fluid.
In this study we create a closed flow by enforcing a
reinjection protocol at the source/sink. We specify that
particles that reach the sink are immediately reinjected
at the source along the same streamline. This is an ar-
bitrary choice and other valid reinjection protocols exist
(see Lester et al.14 for examples of several choices) but
this reinjection choice has the advantage of preserving
Lagrangian structures during the reinjection process.
Here we denote by Yˆt the solution of the advection
equation
x˙ = v(x, t) (5)
in the Lagrangian frame, describing streamlines as func-
tions of time from an initial condition X. The map Yˆt
satisfies
Yˆ0(X) = X, and
d
dt
Yˆt(X) = v
(
Yˆt(X)
)
(6)
where X denotes Lagrangian coordinates. Since the ve-
locity v is incompressible it follows that the advection
map Yˆt is volume-preserving for each value of t. We use
the explicitly volume-preserving integration method of
Finn and Chaco´n22 to numerically solve the advection
equation (5).
B. The time-dependent flow
In the steady dipole flow passive particles are con-
fined to streamlines of constant azimuth θ and constant
Stokes stream-function Ψ, and thus the flow cannot be-
come chaotic. To create the crossings of streamlines re-
quired for chaotic motion we create a time-dependent
flow by periodically reorienting the dipole. This allows
fluid stretching at the dipoles to persist given appropri-
ate flow parameters. Here we only consider the simplest
reorientation protocol involving rotation of the dipole
about the y-axis, providing the closest resemblance to the
2D RPM flow. The dipole is switched on for a time period
τ , then switched off, instantaneously rotated by Θ about
the y-axis, and switched back on. We non-dimensionalize
the reorientation period τ such that τ = 1 corresponds to
the emptying time of the sphere under the steady dipole
flow, i.e. the time it takes for all fluid in the sphere to
pass through the sink. In this study we exclusively use
a rotation angle of Θ = 2pi/3, the dipole positions for
this case are shown in Fig. 2 by the blue (sink) and red
(source) points. The results in this study are generic to
all rotation angles of the form 2pim/n with n odd, except
period-n structures replace the period-3 structures that
we observe.
The velocity field in the time-dependent flow can be
approximated11,12 by the inertialess piecewise-steady ve-
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FIG. 2. The 3DRPM flow. (a) Reorientation protocol for
Θ = 2pi/3. Dipole pairs are labelled according to the number
of reorientations of the base flow modulo 3. (b) A typical
particle trajectory for the protocol (τ, Θ) = (0.3, 2pi/3).
4locity
vˆ(x, t) = v
(
Ryb tτ cΘ
x, t
)
(7)
where Ryβ is the rotation matrix corresponding to rota-
tion through the angle β about the y-axis and bac is the
largest integer less than a.
For convenience we track particles in the rotating
dipole frame. Rather than rotating the dipole at the
end of each reorientation period τ , we counter-rotate the
particles about the y-axis. Each step of the advection-
reorientation cycle can therefore be expressed as
Y −Θτ (x) = R
y
−ΘYˆτ (x). (8)
This map is the main object of our study, and has iden-
tical Lagrangian dynamics to the 3DRPM flow in the
(fixed) Eulerian frame.
C. Symmetries
Flow symmetries play an important role in the over-
all organisation of transport structures, including those
associated with periodic points and lines. Symmetries
of the time-dependent flow can be derived from underly-
ing symmetries of the steady flow and the reorientation
protocol.
The steady dipole flow possesses two basic symmetries:
axisymmetry about the z-axis and a reflection reversal
symmetry in the xy-plane. Algebraically these can be
written respectively as
Yˆt = R
z
γ YˆtR
z
−γ , (9)
Yˆt = SxyYˆ
−1
t S
−1
xy , (10)
where Sxy is reflection in the xy-plane. These symmetries
yield three symmetries for the map Y Θτ . First, as a special
case of the axisymmetry property (9), the dipole flow is
symmetric in the xz-plane, i.e.
Yˆt = SxzYˆtS
−1
xz . (11)
As a result Y Θτ satisfies
Y Θτ = R
y
ΘYˆτ = R
y
ΘSxzYˆτS
−1
xz
= SxzR
y
ΘYˆτS
−1
xz = SxzY
Θ
τ S
−1
xz (12)
and is therefore also symmetric in the xz-plane. The
xz-plane Pxz is an invariant surface of the map Y
Θ
τ , i.e.
Y Θτ (Pxz) = Pxz, therefore this symmetry guarantees that
the dynamics in the y+ and y− hemispheres mirror each
other. As the xz-plane acts as an impenetrable barrier,
dividing Ω in two, we need only consider transport in the
y+ hemisphere.
Similarly, as another case of the axisymmetry property
(9) the steady dipole flow is symmetric about the yz-
plane
Yˆt = SyzYˆtSyz. (13)
This translates to the map Y Θτ as
Y Θτ = R
y
ΘYˆτ = R
y
ΘSyzYˆτSyz
= SyzR
y
−ΘYˆτSyz = SyzY
−Θ
τ Syz (14)
since RyΘSyz = SyzR
y
−Θ. Therefore changing Θ to −Θ
results in a reflection through the yz-plane, but does not
alter transport dynamics. This is the 3D extension of
the 2D result that for periodically reoriented flows where
the base flow has two symmetries that +Θ and −Θ are
equivalent23.
The map Y Θτ also possesses a reflection reversal sym-
metry, inherited from the reflection reversal symmetry of
the dipole flow (10) as follows,
Y Θτ = R
y
ΘYˆτ = R
y
ΘSxyYˆτSxy (15)
= RyΘSxy(Y
Θ
τ )
−1RyΘSxy = S1(Y
Θ
τ )
−1S1
where S1 = R
y
ΘSxy. Direct computation shows that
S1 is the map that reflects a point through the plane
z = tan(−Θ/2)x. Therefore structures in the orbit topol-
ogy must also evolve symmetrically about this plane.
This has a significant impact on the locations of periodic
points, since it constrains all chains of periodic points to
be distributed symmetrically about the symmetry plane.
D. Approximately 2D transport
Based on the similarity between the 3DRPM flow and
the 2D RPM flow14–16 and the presence of two invari-
ant surfaces - the xz-plane and the spherical boundary -
one might expect that particle transport in general would
be confined to 2D surfaces. However, the 3DRPM flow
does not admit a global invariant. At low values of τ
(including those considered in this paper) particle mo-
tion is approximately 2D, as shown in Fig. 3a,b by the
approximately hemispherical shape of the Poincare´ sec-
tions. However, for all values of τ there is transport
transverse to these surfaces creating 3D motion, as is
clearly illustrated in Fig. 3c. This transverse transport
has implications for the organization of coherent struc-
tures that we explore.
III. PERIODIC POINTS AND LINES
Periodic points play a central role in the organization of
fluid transport in periodic flows, determining mixing and
non-mixing regions. A period-n point of a map Λ satisfies
Λn(x) = x, and the local stability near the periodic point
is determined by the eigenvalues of the Jacobian
DΛ =
(
∂Λi
∂xj
)
(16)
evaluated at the periodic point2. For a volume-preserving
map, the product of the eigenvalues, λ1λ2λ3 is equal to
5a b c FIG. 3. Poincare´ sections in the
3DRPM flow with τ = 0.328 ≈ 1.12τ0
(τ0 is defined in the text) and Θ =
2pi/3. Colors correspond to six dif-
ferent initial particle locations, cor-
responding to different colors. (a)
3D view in the y+ hemisphere af-
ter 2, 000 iterations. (b,c) Azimuthal
projections of the Poincare´ section
into (
√
x2 + z2, y) coordinates after
(b) 1, 000 and (c) 10, 000 iterations.
1. If one of the eigenvalues, say λ3, is equal to 1, and the
others are not, then the Jacobian is diagonalizable and
in an infinitesimally small region near the periodic point
there is no transport in the direction of the corresponding
eigenvector v3, called the null direction. Therefore, in
this infinitesimally small region the map x′ = Y τΘ(x) can
be written as
ξ′1 = f1(ξ1, ξ2; ξ3),
ξ′2 = f2(ξ1, ξ2; ξ3), (17)
ξ′3 = ξ3,
where ξi corresponds to the coordinate in the direction of
the eigenvector vi
24, resulting in a 2D system contained
in the plane spanned by the two transverse directions
v1,2. In this case the periodic point forms part of a con-
tinuous line of periodic points, with the line continuing
in the null direction. At each point on the periodic line
the null direction provides a local invariant (valid in an
infinitesimally small region) according to equation (17);
and conversely if there exists a local invariant in a re-
gion containing a periodic point then there is no trans-
port transverse to the local invariant surfaces, providing
a null direction. While it is sufficient, it is not necessary
for a system to admit a global invariant for there to exist
periodic lines, as we see for the 3DRPM flow.
There are three possible cases for the eigenvalues if
there is a null direction. First if λ1 = 1/λ2 are both real,
then the periodic point is locally unstable and called hy-
perbolic, fluid contracts along the direction correspond-
ing to λi < 1 and expands along the direction correspond-
ing to λi > 1. In 2D the stable manifold associated with
a hyperbolic point x0, W
s(x0), consists of all points that
converge to x0 as the number of iterations of the map Λ
approaches infinity, i.e.
W s(x0) =
{
x : lim
N→∞
ΛN (x) = x0
}
. (18)
Similarly, the unstable manifold consists of points that
converge under the map Λ−1,
Wu(x0) =
{
x : lim
N→∞
Λ−N (x) = x0
}
. (19)
These structures naturally extend to 3D systems with
periodic lines since they can be thought of as a nested
set of locally 2D systems according to equation (17). The
1D manifolds of the nested 2D systems combine to create
2D manifold surfaces2
W s,u2D =
⊔
x0∈S
W s,u(x0) (20)
where unionsq is the disjoint union and S is a hyperbolic seg-
ment of a periodic line. An example of this for the
3DRPM flow is shown in Fig. 13 (multimedia view) where
each curve (white to dark red) is the 1D unstable man-
ifold for a single point Wu(x0) on the hyperbolic seg-
ment of a period-3 line, the union of which form the 2D
unstable manifold surface. Similar to 1D manifolds in
2D systems, the manifolds W s,u2D are invariant, and form
barriers to fluid transport as they are co-dimension 1.
The geometry of these manifolds, and their intersections,
plays a significant role for the overall transport dynam-
ics. If the intersecting manifolds belong to the same hy-
perbolic point, then it is called a homoclinic connection,
otherwise it is called a heteroclinic connection. If the in-
tersection is transverse then they must intersect infinitely
many times, creating the stretching and folding of fluid
elements necessary for chaos. Conversely, tangent inter-
sections form transport barriers that can confine fluid. It
is possible that a single 2D manifold will have a combina-
tion of transverse, tangent, homoclinic and heteroclinic
connections, as is the case in Fig. 13 (multimedia view),
where it is seen that for greater y-values (closer to white)
the 1D curves loop back to their initial position, form-
ing tangent homoclinic connections, however at a critical
value of y the 1D manifolds develop a wavy pattern that
indicates the presence of transverse connections.
The second type of periodic point are those that are
locally stable, called elliptic points. In this case particles
are rotated about the periodic point, and the non-null
eigenvalues of the Jacobian form a complex conjugate
pair with λ1 = λ¯2 and |λ1| = |λ2| = 1. They must there-
fore be of the form λ1,2 = cosα ± i sinα where α is the
angle of local rotation about the periodic point. Since
there is a null direction, the local rotation occurs in the
plane spanned by the vectors <(v1), =(v1), where < and
= denote the real and imaginary parts respectively. En-
closing elliptic segments of periodic lines is an invariant
tube that creates a non-mixing region that is topologi-
cally distinct to mixing regions, i.e. particles can neither
enter nor escape the tube.
6The last type of periodic point – called degenerate or
parabolic – is locally unstable with the eigenvalues of
the Jacobian all equal to ±1. In this case there is local
shearing of fluid, but no net rotation or stretching. These
points can come in a number of different forms, result-
ing in different types of bifurcations of local transport
dynamics.
When analysing periodic points in 2D systems, a use-
ful quantity is the ‘Poincare´ index’25, which relates the
number and type of periodic points to the topology of
the manifold within which they are hosted. This index
can be computed by forming a closed curve around the
periodic point and calculating the number of counter-
clockwise rotations of the velocity vector in one counter-
clockwise traverse of the loop. Under this measure, hy-
perbolic points have Poincare´ index−1 and elliptic points
have Poincare´ index +1. The sum of Poincare´ indices is
preserved under continuous deformation of a flow, and
furthermore is related to the topological genus of the flow
domain as per the Poincare´–Hopf theorem. This provides
a constraint on the number and type of periodic points
created or annihilated during bifurcation. When con-
sidering subdomains of the flow domain, the sum of the
Poincare´ indices within the subdomain also remains con-
stant under continuous deformations of the flow, unless
a periodic point crosses the boundary of the subdomain.
The Poincare´ index can also be applied to 3D systems
with periodic lines, since the existence of a null direction
means the system is essentially 2D in an infinitesimal re-
gion. Therefore the Poincare´ index of the essentially 2D
systems must remain constant as the periodic line is tra-
versed, which can be loosely thought of as a requirement
of topological continuity.
We use a numerical approach to find and classify pe-
riodic points in the 3DRPM flow, with the reorientation
angle Θ = 2pi/3, the focus is on period-1 and period-3
points since they have a dominant influence on the re-
sulting Lagrangian dynamics. For rotation angles of the
form Θ = 2pim/n with n odd, the period-1 and period-
n points will play a dominant role, while for even n or
rotation angles Θ that are incommensurate with pi (i.e.
Θ/pi is irrational), fundamentally different phenomena
occur due to the difference in the nature of the degener-
ate point at the origin of the flow in the limit as τ → 014.
The reflection reversal symmetry (15) means all period-1
points must be distributed symmetrically about the sym-
metry plane z = tan(−Θ/2)x. Furthermore, as the map
Y Θτ is the composition of a map Yˆτ that preserves the az-
imuth θ = arctan(y/x), and a rotation RyΘ, it follows that
period-1 points satisfy x = (Y Θτ )
−1(x) = (Yˆτ )−1R
y
−Θ(x),
and the azimuthal angle of Ry−Θ(x) must equal the az-
imuthal angle of x = (x, y, z). This can be expressed
as
arctan
(
y
x cos Θ− z sin Θ
)
= arctan
(y
x
)
, (21)
and implies that either z = tan(−Θ/2)x (i.e. the point is
on the symmetry plane) or y = 0 and the point is on the
ya
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FIG. 4. Periodic lines in the 3DRPM flow. (a) Period-1 lines
shown in the symmetry plane for (Θ, τ) = (2pi/3, 1.3). El-
liptic and hyperbolic segments are coloured blue and red re-
spectively. Bifurcation points are illustrated as open squares
(period-doubling), open circles (period-tripling) and closed
circles (saddle–centre). (b) The period-1 and period-3 lines
for (Θ, τ) = (2pi/3, 1.1τ0), τ0 is defined in the text.
xz-plane. Since the xz-plane is invariant and contains all
the dipole locations, it is qualitatively similar to the 2D
RPM flow, for which it can be shown that period-1 points
must lie on the symmetry plane by essentially the same
argument as above except using the streamfunction Ψ in-
stead of the azimuthal angle θ14. This also applies to the
3DRPM flow, as the streamfunction Ψ is conserved by
the steady dipole advection Yˆτ , and so a period-1 point
must satisfy Ψ(Ry−Θx) = Ψ(x). Therefore, all period-1
points must lie on the symmetry plane z = tan(−Θ/2)x.
We also observe that all periodic points in the 3DRPM
flow with period occur as smooth curves, each intersect-
ing the xz-plane, i.e. we have not found any isolated odd
periodic points. Therefore we may restrict our initial
search for period-1 points to the line given by the inter-
section of the symmetry plane and the xz-plane, which
significantly reduces the search space. Once solutions to
(Y Θτ )
N (x) = x have been found, we compute the Jaco-
bian to find the null direction and search for new periodic
points a fixed distance δ away in the neighbourhood of
the null direction. Once the full line has been found we
again use the Jacobian to classify periodic points using
the associated eigenvalues.
The typical nature of period-1 lines in the 3DRPM
flow is shown in Fig. 4. We only show points in the
y+ hemisphere, since those in the y− hemisphere can be
7FIG. 5. A period-tripling bifurcation in the elliptic-umbilic
catastrophe, equation 22, occurs at ω = 0. Three hyperbolic
fixed points (red) and one elliptic fixed point (blue) coalesce
at the bifurcation point.
obtained by reflection through the xz-plane. At degener-
ate points there are three types of bifurcation that occur
in the 3DRPM flow: period-tripling bifurcations (open
circles), saddle–centre bifurcations (closed circles), and
period-doubling bifurcations (squares). In Sections IV
and V we explore their behaviour and implications for
transport.
IV. PERIOD-TRIPLING BIFURCATIONS
A. 2D model
Period-tripling bifurcations have been observed in a
number of studies4,7,8 in 2D and 3D systems, but their
transport characteristics in 3D systems have not been
studied. In 3D systems these bifurcations occur at points
on periodic lines where the rotation angle α (from the
eigenvalues λ1,2 = e
±iα) around an elliptic segment as
it is traversed reverses direction, and a chain of period-3
lines intersect at the degenerate point. Due to the com-
plexity of the period-tripling bifurcations in the 3DRPM
flow we shall first illustrate the basic structure with a
simple model flow derived from an expansion of the flow
about a degenerate point with a Poincare´ index of −2.
This model is a perturbation of the steady 2D six-roll
mill flow7, with Hamiltonian
F (x, y;ω) =
x3
3
− xy3 + ω(x2 + y2), (22)
which is related to the elliptic umbilic catastrophe26 and
the Henon–Heiles potential27. A period-tripling bifurca-
tion occurs when the vorticity ω is varied as a control
parameter, as shown in Fig. 5. At ω = 0 there is no vor-
ticity and there is a degenerate fixed point at the origin,
with three stable and three unstable directions, yielding
a Poincare´ index of −2. For positive or negative ω, the
vorticity creates an elliptic fixed point at the origin, and
for the Poincare´ index to remain constant three hyper-
bolic fixed points are created whose heteroclinic manifold
connections form the outer barrier for the invariant tori.
When transitioning from positive to negative ω, or vice
versa, the vorticity changes direction, resulting in a re-
versal in the orientation of the triangular structure seen
in Fig. 5. A similar phenomenon occurs if vorticity is
added to the streamfunction of a 2n-roll mill for odd n.
Instead of three stable and unstable directions there will
be n, and for ω 6= 0 there will be n hyperbolic points
arranged in an n-gon around an elliptic point, with a
Poincare´ index of 1− n.
B. 3DRPM flow
Period-tripling bifurcations are present in the 3DRPM
flow with rotation angle Θ = 2pi/3 for all values of τ .
They manifest at points on periodic lines where the el-
liptic rotation angle becomes 2pi/3, shown in Fig. 6a as
open circles. At these points the map Yˆ Θτ experiences a
1/3 resonance, i.e. particles in the vicinity of the elliptic
periodic point will approximately return to their initial
position after three iterations. If we track particles in the
non-rotating (laboratory) frame then the local rotation
angle becomes  = α − 2pi/3. The parameter  varies
along the period-1 line, and becomes 0 at points where
α = 2pi/3, indicating the presence of degenerate points.
At these 1/3 resonant degenerate points period-tripling
bifurcations are generic8, with the rotation angle  play-
ing the role of ω in equation (22).
As for the model system given by equation (22) there
are three hyperbolic lines (period-3 in the rotating dipole
frame but period-1 in the non-rotating laboratory frame)
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FIG. 6. (a) As per Fig. 4a except hyperbolic points are shown as grey and elliptic points are coloured according to local
rotation angle α, from 0 (purple) to pi (red). Points with α = 2pi/3 are marked as open circles and correspond to period-tripling
bifurcations. (b) In order to show the intersection of period-1 and period-3 lines in the symmetry plane, the period-1 lines of
panel (a) are redrawn in panel (b) as solid gray lines. The coloured lines of panel (b) are period-3 lines. Elliptic segments are
coloured blue and hyperbolic segments are coloured according to the local transverse stretching/contraction factor, with purple
(red) corresponding to zero (maximum) stretching/contracting.
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FIG. 7. Period-tripling bifurcation in the 3DRPM flow with
τ = 1.1τ0. Period-1 and period-3 lines meet at a degenerate
point on the y-axis (red - hyperbolic, blue - elliptic). Green
and orange points correspond to Poincare´ sections at y-levels
above and below the bifurcation point y0. (Multimedia view)
[URL: http://dx.doi.org/10.1063/1.4950763.1]
that intersect the elliptic period-1 line, resulting in a re-
versal of triangular invariant tori on each side of the bi-
furcation point, as per Fig. 7 (multimedia view). These
invariant tori join to form pyramidal invariant tubes that
connect at the bifurcation point. To provide additional
evidence of this behaviour, Fig. 6b shows that period-3
lines (coloured) intersect the period-1 lines (grey) at ev-
ery location where the rotation angle is 2pi/3 (the open
circles). Furthermore, the magnitude of stretching along
the hyperbolic sections of the period-3 lines is charac-
terised by the magnitude of the logarithm of the trans-
verse eigenvalues λ1,2 of the Jacobian, which become zero
(purple) at the period-tripling bifurcations. This means
that although the period-1 rotation angle is not zero,
these bifurcation points can be considered as period-3
degenerate points.
C. Creation and annihilation
Considering the creation and annihilation of period-
tripling bifurcation points, we consider integer multi-
ples of a critical value of the reorientation period, τ0 ≈
0.29344, which corresponds to the return time of a parti-
cle initially located at the origin under the steady dipole
flow. At the values τ = Nτ0 the origin is invariant under
both the steady dipole advection and rotation that com-
prise the combined map Y Θτ = R
y
ΘYˆτ , hence the origin is
a period-1 point, as shown in Fig. 8(a). Moreover, after
three iterations of the map Y Θτ there is no net local de-
formation of fluid near the origin, and so this point is a
period-3 degenerate point, in particular a period-tripling
bifurcation point. In the 3DRPM flow this occurs at any
point where a period-1 line intersects the y-axis, not just
at the origin. For a particle initially located on the y-
axis to return to its initial position, it must return after
the steady dipole advection step, as the rotation cannot
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FIG. 8. (a) The values of τ for
which there is a periodic point on the
y-axis at (0, y∗, 0). N is the num-
ber of times the particle is reinjected.
(b) The magnitude of the correspond-
ing shear matrix DYˆτ in eq. 23.
move a point that is off the y-axis onto the y-axis. Dur-
ing the steady dipole advection, fluid at these period-1
points experiences a shear of the form
DYˆτ =
1 0 00 1 0
0 Nγ1 1
 (23)
where N is the number of times the particle is reinjected
during the steady dipole advection, and γ1 is the value of
the shear experienced during a single reinjection, which
depends on the location y∗ of the periodic point on the y-
axis according to Fig. 8(b). Therefore, for a reorientation
angle Θ, the Jacobian is given by
DY Θτ = R
y
ΘDYˆτ (24)
with eigenvalues 1, exp(±iΘ), and can be diagonalized
as DY Θτ = PDP−1 where D is the diagonal matrix
D =
1 0 00 eiΘ 0
0 0 e−iΘ
 . (25)
Hence, for Θ = 2pim/n, the Jacobian satisfies (DY Θτ )
n =
I, making it a period-n degenerate point. In particu-
lar, for Θ = 2pi/3, the periodic points on the y-axis are
period-3 degenerate points, and thus period-tripling bi-
furcations.
Tracking the individual period-1 lines with increasing
τ , they initially appear as isolated degenerate points re-
sulting from saddle–centre bifurcations in the xz-plane,
y
FIG. 9. The path taken by the period-tripling bifurcation
point with increasing τ (orange) shown with the correspond-
ing period-1 line at various values of τ (grey). The point
where the period-1 lines annihilate is marked as A.
Distance along the period-1 line (d)-0.4 -0.2 0.0 0.2 0.4
FIG. 10. The local rotation angle α given by the Jacobian at
points a distance d along the period-1 line from the xz-plane.
Curves are shown for τ = 0.99τ0, τ0, 1.01τ0, 1.1τ0. Degenerate
points are marked by large dots, where α = 2pi/3.
which then form closed loops with a pair of saddle–centre
bifurcation points separating elliptic and hyperbolic seg-
ments, shown as the solid black circles in Fig. 4a. These
loops expand outward as τ increases, and eventually col-
lide with the spherical boundary, as shown in Fig. 9.
Therefore each new period-1 line intersects the y-axis at
a value τ = Nτ0, which also corresponds to the creation
of a period-tripling bifurcation. At these values of τ , a
period-1 line intersects the y-axis tangentially, creating
a single degenerate point at the origin. This degenerate
point is unique because the period-3 lines also intersect
the period-1 line and y-axis tangentially, meaning there
is no reversal in the orientation of the triangular struc-
tures. The local rotation still reaches zero, but does not
reverse in direction. For a small perturbation  away from
τ = Nτ0 the tangent intersections become transverse,
creating two period-tripling bifurcations that are sym-
metric about the xz-plane, and are orientation reversing.
This is depicted in Fig. 10 for N = 1, showing the rota-
tion angle α as a function of arc-length along the period-1
line starting from the xz-plane. Period-tripling bifurca-
tions occur where the rotation angle α reaches 2pi/3. For
τ < τ0 there are no intersections of this period-1 line
with the y-axis and therefore no period-tripling bifurca-
tions, whereas for τ = τ0 there is one intersection and for
τ > τ0 there are two intersections. The reorientation pe-
riods Nτ0 therefore correspond to local flow bifurcations.
The trajectory of the period-tripling bifurcation point
on the first new period-1 line (N = 1) as τ is increased
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FIG. 11. The xz-plane with the symmetry plane (dashed) and
its reflection through the x-axis (dot-dashed). The point A
corresponds to that of Fig. 9, where period-1 lines annihilate.
Dipole position are also shown (red/blue) with the reoriented
positions fainter.
is shown in Fig. 9 by the orange curve. After appearing
at the origin when τ = Nτ0, it moves up the y-axis, to
the point where it reaches the spherical boundary. This
occurs when τ is equal to the return time of the stream-
line on the spherical boundary, which we have scaled to
be equal to 1, multiplied by the number of reinjections
N , i.e. at τ = N as shown in Fig. 8(a) by the values
of τ at y∗ = 1. The period-tripling bifurcation point
then moves off the y-axis, moving towards the xz-plane
where it is annihilated. This path is traced out for each
period-1 line that is created. We find that the period-
tripling bifurcation point is annihilated at approximately
the same value of τ as when the period-1 line itself is an-
nihilated, which occurs when the line reaches the point
A at the intersection of the xz-plane, spherical boundary
and symmetry plane, shown in Fig. 9. To find the values
of τ such that the point A is a period-1 point, and hence
when the period-1 lines are annihilated, we consider the
time TAB(Θ) it takes for a particle to travel from the
point A to its reflection through the xy-plane, the point
B shown in Fig. 11. When τ = TAB ≈ 0.9333, the map
Y Θτ takes a particle initially located at A to the point B
under the steady dipole flow, then the particle is counter-
rotated back to A, meaning the point A is a period-1
point. Moreover, if the particle is reinjected any number
of times through the dipole but still finishes at B then the
point A will still be a period-1 point. As the streamlines
on the spherical boundary have the longest return time,
which we have scaled to correspond to a value τ = 1, A is
a period-1 point when τ = TAB+j where j is the number
of times that the particle is reinjected. Combining this
with the creation of period-tripling bifurcation points at
values τ = Nτ0, the overall number of period-tripling bi-
furcation points N1/3 within the 3DRPM flow is a linear
function of τ
N1/3 ≈ τ
τ0
− (τ − TAB)
≈ 2.4τ (26)
for τ  0. This shows that the number of period-tripling
bifurcation points grows linearly with τ , resulting in more
of the stable pyramidal invariant tubes and more of the
associated hyperbolic period-3 lines whose manifold in-
tersections can drive chaos. By seeding a large number
of particles on a grid in the domain we have seen that
the total volume of the invariant tubes decreases as τ in-
creases even though the total number of invariant tubes
increases. It is likely that as τ → ∞ the total volume
of the invariant tubes will approach zero, meaning an
approach to global chaos.
D. Impact on transport and manifolds
The structures associated with period-tripling bifurca-
tions can have a significant influence on the overall trans-
port properties of a fluid flow, as seen in Fig. 12, where
the period-tripling bifurcation at τ = 1.01τ0 (Fig. 12(b))
destroys the invariant tori surrounding the period-1 line
that exist at τ = 0.9τ0 (Fig. 12(a)). The degenerate
points associated with the bifurcation have three stable
and three unstable directions, creating transport struc-
tures similar to hyperbolic points. These stable and un-
stable directions become the manifolds of the associated
period-3 hyperbolic lines away from the bifurcation, as
in Fig. 13. Also, surrounding the elliptic segments of
the period-3 lines there exist invariant tori that join to
create impenetrable barriers to particle transport. The
locations of the outer-most invariant tori depend on the
nature of the manifold intersections, tangential or trans-
verse. If the stable and unstable manifolds intersect
tangentially, as is the case at larger y-values (closer to
white) in Fig. 13 and also in Fig. 12(b2), then the 1D
manifolds form the outermost invariant tori. Descending
down the y-axis, the manifolds become ‘wavy’, indicating
transverse intersections of the stable and unstable man-
ifolds and the existence of a chaotic region. Near the
values of y that this first occurs, for example y = 0.19
as in Fig. 12(b3), particles in the chaotic region near the
period-3 invariant tori are loosely trapped in a ‘sticky’ re-
gion. Descending further along the y-axis (Fig. 12(b4)),
the ‘sticky’ region is also destroyed, giving way to wide-
spread chaos. Therefore, period-tripling bifurcations can
drive global chaos via transverse manifold intersections
or create the boundaries for confining regions if the man-
ifold intersections are tangent.
As well as a bifurcation in local stability, period-
tripling bifurcations also create a bifurcation in the man-
ifolds associated with the hyperbolic period-3 lines, as
demonstrated in Fig. 14. The stable and unstable man-
ifolds for single points on each of the period-3 lines are
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FIG. 12. Poincare´ sections generated by initially planar (par-
allel to the xz-plane) clusters of particles near the y-axis at
various values of y. Period-1 and period-3 lines are colored
according to stability, red - hyperbolic, blue - elliptic. (a1–
a4) τ = 0.9τ0. There are no period-3 lines, and invariant
tori surround the elliptic period-1 line. (b1–b4) τ = 1.01τ0.
A period-tripling bifurcation occurs on the y-axis, that de-
stroys tori, creates sticky regions, creates chaotic regions, al-
ters topology and affects transport in a region of the domain
that is vastly more extensive than just the ‘neighborhood’ of
the bifurcation point.
shown at values y < y0 (left panel) and y > y0 (right),
where y0 is the bifurcation point. The manifold pairs
W s,u associated with each period-3 line are coloured with
two shades of the same colour (e.g. stable - green, unsta-
ble - dark green etc.). We see that for y < y0 (left) the
manifolds form transverse homoclinic connections since
the same colours intersect, whereas for y > y0 (right) the
connections become heteroclinic, and so while the ori-
entation of the triangular island structures are reflected
across the bifurcation point, the global arrangement of
structures remains essentially the same. This is only pos-
sible if there is a change between heteroclinic and homo-
clinic connections across the bifurcation point. Consid-
ering the entire 2D unstable manifold W s2D associated
with only one of the period-3 lines, as in Fig. 13 (mul-
timedia view), there is a disconnection of the manifold
sheet as the period-3 point crosses the bifurcation point.
The bifurcation point can either be thought of as a point
of discontinuity for the manifold sheet, or the two seg-
ments of the period-3 line, separated by the bifurcation
point, can be considered as separate entities with their
own manifold structures.
Therefore, the period-tripling bifurcation points them-
selves do not have a significant impact on global trans-
port, as they occur as an isolated unstable point along
an otherwise elliptic periodic line, but they organize vast
transport structures that generate chaos and form barri-
ers to transport.
For other values Θ = 2pim/n with n odd we see similar
behaviour. Rather than period-tripling bifurcations they
are n-tupling. Instead of three period-3 hyperbolic lines
there are n period-n lines and the degenerate point has
a Poincare´ index of 1 − n. These cases are analogous to
the 2n-roll mill, with the arc-length along the period-1
line acting as the control parameter ω.
V. TANGENT BIFURCATIONS
Tangent bifurcations occur in 3D systems when the
null direction (v3) of the Jacobian becomes tangent to
the plane spanned by the other two eigenvectors (v1,2).
Formally a point x0 is a tangent bifurcation point if the
vectors w1,2,3 are linearly dependent, where
wi = limx→x0
x∈P1 line
vi(x). (27)
There are infinitely many possibilities for the different
types of tangent bifurcations, based on the periodicity
of the periodic line that becomes tangent, for instance
saddle–centre bifurcations occur when a period-1 line
becomes tangent and period-doubling bifurcations occur
when a period-2 line becomes tangent28. By plotting the
eigenvectors with the periodic line, tangent bifurcations
can be identified as points where the span of the non-
null eigenvectors becomes tangent to the periodic line,
as per Fig. 15. Alternatively, in systems which admit
a global invariant, tangent bifurcations occur at points
where periodic lines become tangent to an invariant sur-
face. When the null direction becomes tangent to an in-
variant surface the three eigenvectors are linearly depen-
dent, and hence no longer distinct. For incompressible
flows the product of the eigenvalues is always equal to
1, so there are only two possibilities for the eigenvalues:
λ1,2 = ±1 and λ3 = 1. This means that these tangent
points are necessarily degenerate, resulting in bifurca-
tions of local stability. This provides a simple diagnostic
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FIG. 13. (a–d) Four views of the 2D
unstable manifold Wu2D for one of the
period-3 lines for τ = 1.1τ0. The man-
ifold consists of the disjoint union of
1D manifolds for points along the hy-
perbolic segment of the periodic line,
colored according to the y-coordinate,
y = 0 (dark red) to maximum (white).
As in Fig. 7 (multimedia view), the
point y0 on the y-axis – seen in (c) –
is a period-tripling bifurcation point,
and the 2D manifolds for y < y0
and y > y0 form disconnected sheets.
The green point marks the location
of a tangent saddle–centre bifurcation
point, where the stability changes be-
tween elliptic and hyperbolic. In (d)
it can be seen that close to the bi-
furcation point the 1D manifolds form
parallel homoclinic connections, wrap-
ping around the elliptic line, but at a
critical distance away from the bifur-
cation point waves in the 1D manifolds
begin to develop, indicating transverse
intersections and chaos. (Multimedia
view) [URL: http://dx.doi.org/10.
1063/1.4950763.2]
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FIG. 14. Bifurcation of sta-
ble/unstable manifolds caused by
period-tripling bifurcation, which oc-
curs at y = y0 as in Fig. 7 (multime-
dia view) for (Θ, τ) = (2pi/3, 1.01τ0).
Manifold pairs associated with each
period-3 line are shown as different
shades of the same colour, e.g. green
and dark green. (a) y < y0, manifolds
form homoclinic connections. (b) y >
y0, manifolds form heteroclinic con-
nections.
to determine the locations of some degenerate points in
systems with an invariant. In systems that do not admit
a global invariant, such as the 3DRPM flow, the flow be-
comes essentially 2D near the periodic line, according to
equation (17), and so the variable ξ3 is a local invariant.
Like global invariants, tangent bifurcations occur where
a periodic line becomes tangent to isosurfaces of the local
invariant.
Conservation of the Poincare´ index constrains the pos-
sible types of bifurcation that can occur via tangent bifur-
cations. Two of the possibilities are illustrated in Fig. 16:
a saddle–centre bifurcation (left) and a period doubling
bifurcation (right), both of which occur in the 3DRPM
flow (Fig. 4). Note that saddle–centre bifurcations are
sometimes also referred to as tangent bifurcations in the
context of 2D systems, but here we use the term to refer
to the broader class of bifurcations for 3D systems that
includes saddle–centre bifurcations. In each case the bi-
furcation point must occur where the periodic lines be-
come tangent to the invariant surfaces ξ3 = c, otherwise
the Poincare´ index Σ would not be conserved. These con-
straints allow us to make a priori deductions with limited
information, for example:
• If there is a point on a periodic line that lies tangent
to an invariant surface, and no other periodic lines in-
tersect at the same point, then the tangent point must
be a saddle–centre bifurcation point separating elliptic
and hyperbolic segments, as per Fig. 16a.
• Additionally, if there exists a saddle–centre bifurcation
point on a periodic line, then the tangent to the peri-
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FIG. 15. The period-1 lines from Fig. 4 are reproduced with
one of the non-null eigenvectors also shown. The other non-
null eigenvector is always normal to the symmetry plane (into
the page) as a result of the reflection reversal symmetry -
equation (15). Points where the null direction (tangent of the
lines) becomes tangent with the other eigenvectors are shown
as black circles. These correspond to tangent saddle–centre
bifurcations.
odic line at that point forms one of the tangent vectors
of the local/global invariant.
• If there is a point on a periodic line that is tangent to
invariant surfaces, and the periodic line has the same
stability on each side of the tangent point e.g. both el-
liptic, then there must exist another periodic line (pos-
sibly of different periodicity) that also intersects at the
tangent point. This is the case for the period-2 line in
the period-doubling bifurcation, as in Fig. 16b.
Considering the impact that tangent bifurcations have
on transport, we primarily focus on saddle–centre bifur-
cations as they provide a complete picture for the bifur-
cation sequence that occurs near period-tripling bifurca-
tions in the 3DRPM flow. At a critical value y > y0, the
period-3 lines associated with the period-tripling bifur-
cation undergo saddle–centre bifurcations, dividing them
into elliptic and hyperbolic segments, as seen in Figs. 6b,
13 (multimedia view). While not the focus of this study,
period-doubling bifurcations are equally important for
transport. Cascades of period-doubling bifurcations are
a common route to chaos in 2D systems29 and we expect
similar behaviour for 3D systems, though the chaos may
be restricted to approximately 2D structures.
Saddle–centre bifurcations are commonly found in 2D
conservative systems, resulting in the creation of a pair
of periodic points, one elliptic and one hyperbolic. For
3D conservative systems the third dimension can act as
the control parameter for essentially 2D transport. Thus
saddle–centre bifurcations in 3D conservative systems
create elliptic and hyperbolic segments of periodic lines.
Enclosing the elliptic segment is an invariant tube, yield-
ing an isolated non-mixing region. At the saddle–centre
bifurcation point the elliptic segment and hence the in-
variant tube converges to a point, creating a ‘cap’ for the
tube. For the 3DRPM flow the cap is formed by the tan-
gent connections of the 2D stable and unstable manifolds
W s,u2D , as seen in Fig. 13 (multimedia view). However at a
critical distance away from the bifurcation point the 2D
manifolds intersect transversally, indicated by the ‘wavy’
pattern that appears at smaller y values (closer to red) in
Fig. 13d (multimedia view). This transverse intersection
means the 2D manifolds no longer form the outer bound-
ary of the invariant tube, but rather there is a bound-
ing ergodic region. We expect this phenomenon to be
generic, as the distance from the bifurcation point in the
transverse direction ξ3 to the essentially 2D transport can
act as a perturbation parameter.
Therefore the framework of tangent bifurcations, in
particular the restrictions imposed by conservation of
the Poincare´ index, provide a simple diagnostic tool for
the analysis of periodic lines. For each periodicity there
exists at least one distinct type of tangent bifurcation,
e.g. saddle–centre bifurcations occur when a period-1
line becomes tangent, and period-doubling bifurcations
occur when a period-2 line becomes tangent. These
different types of tangent bifurcations can have vastly
different impacts on transport. For instance, saddle–
centre bifurcations yield both isolated non-mixing regions
and the possibility of locally chaotic regions, whereas
period-doubling bifurcations can create regions of chaos
via period-doubling cascades, though possibly only two-
dimensional chaos.
VI. CONCLUSIONS
Degenerate points play a more important role than
generally supposed in the organization of transport struc-
tures, representing bifurcations in local stability and
transport topology. Typically in 2D systems there ex-
ists a perturbation parameter that controls bifurcations,
but in 3D the extra dimension may act as the perturba-
tion parameter for locally 2D transport. In 3D systems
with periodic lines rather than isolated periodic points,
the null direction associated with the periodic line acts as
a local invariant producing bifurcations in the essentially
2D transport.
We have studied the bifurcations that occur in a 3D
model fluid flow, the 3DRPM flow, which are generic
to a wide range of 3D conservative systems. Period-
tripling bifurcations result in a local reversal of some co-
herent structures and are generic to 1/3 resonances, i.e.
when the local elliptic rotation angle α is 2pi/3. In the
3DRPM flow with reorientation angle Θ = 2pi/3 these
bifurcations occur at every intersection of period-1 lines
with the y-axis, and for reorientation angles of the form
2pim/n with n odd similar bifurcations occur. Rather
than period-tripling they are n-tupling bifurcations, oc-
curring at the intersections of n period-n hyperbolic pe-
riodic lines and an elliptic period-1 line. Even though
each period-tripling bifurcation results in a single unsta-
ble point on an elliptic periodic line, it also controls the
associated period-3 hyperbolic lines whose manifolds play
a significant role in transport organization, destroying
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FIG. 16. Sketch of the periodic lines for
two types of tangent bifurcation: (a) saddle–
centre (b) period-doubling. In each case the
elliptic segments are coloured blue and con-
tribute +1 to the Poincare´ index Σ, and hy-
perbolic segments are coloured red and con-
tribute −1 to Σ. The local/global invariant
ξ3 from equation (17) acts as the control pa-
rameter, with the bifurcations occurring at
ξ3 = ξ
∗. Conservation of the Poincare´ index
Σ for each locally 2D system ξ3 = c con-
strains the possible types of tangent bifurca-
tion.
tori, creating ‘sticky’ regions and creating wide-spread
chaos. Since the nature of the manifold intersections, ei-
ther tangential or transverse, can depend on the position
along the periodic lines, combinations of chaotic, sticky,
and confining regions can occur in a single 3D flow, lead-
ing to complex 3D transport.
Also observed in the 3DRPM flow are saddle–centre
and period-doubling bifurcations; the former creating
barriers to transport and the possibility of chaos, and
the latter being a common route to chaos in 2D systems.
Both of these types of bifurcation can be categorized as
tangent bifurcations, which occur when periodic lines are
tangent to local/global invariant surfaces. These are par-
ticularly easy to detect in systems with global invariants,
and can also be detected by considering the eigenvectors
associated with the periodic line when there is no global
invariant, such as in the 3DRPM flow. The restrictions
imposed by conservation of the Poincare´ index place con-
straints on the types of possible tangent bifurcations, and
can also be used to determine properties such as stability
and the existence of higher or lower order periodic points.
The period-tripling bifurcations have also been stud-
ied in 2D systems in the context of so-called ‘twistless-
tori’8, i.e. invariant tori surrounding elliptic periodic
points where the rotation number does not vary mono-
tonically. These twistless-tori produce a number of in-
teresting bifurcation phenomena that are not predicted
by the KAM-theorem, such as reconnection bifurcations
where chains of periodic points merge and annihilate each
other. Dullin et al.8 have shown that twistless-tori gener-
ically appear as a result of period-tripling bifurcations in
2D systems, and our recent results suggest that similar
phenomena are observed in 3D systems featuring period-
tripling bifurcations, such as the 3DRPM flow. This will
be the subject of a future publication.
ACKNOWLEDGMENTS
L. Smith is funded by a Monash Graduate Scholarship
and a CSIRO Top-up Scholarship.
1S. Wiggins, “Coherent structures and chaotic advection in three
dimensions,” J. Fluid Mech. 654, 1–4 (2010).
2J. Ottino, The Kinematics of Mixing: Stretching, Chaos, and
Transport (Cambridge University Press, 1989).
3Z. Pouransari, M. Speetjens, and H. Clercx, “Formation of co-
herent structures by fluid inertia in three-dimensional laminar
flows,” J. Fluid Mech. 654, 5–34 (2010).
4P. Mullowney, K. Julien, and J. Meiss, “Blinking Rolls: Chaotic
Advection in a Three-Dimensional Flow with an Invariant,”
SIAM J. Applied Dynamical Systems 4, 159–186 (2005).
5N. R. Moharana, M. F. M. Speetjens, R. R. Trieling, and H. J.
H. Clercx, “Three-dimensional Lagrangian transport phenomena
in unsteady laminar flows driven by a rotating sphere,” Physics
of Fluids 25(9), 093602 (2013).
6A. Go´mez and J. D. Meiss, “Volume-preserving maps with an
invariant,” Chaos 12(2), 289–299 (2002).
7M. V. Berry and M. Mackley, “The six roll mill: unfolding an un-
stable persistently extensional flow,” Philosophical Transactions
of the Royal Society of London A: Mathematical, Physical and
Engineering Sciences 287(1337), 1–16 (1977).
8H. Dullin, J. Meiss, and D. Sterling, “Generic twistless bifurca-
tions,” Nonlinearity 13(1), 203 (2000).
9R. Barrio, F. Blesa, and S. Serrano, “Bifurcations and chaos in
hamiltonian systems,” International Journal of Bifurcation and
Chaos 20(05), 1293–1319 (2010).
10This nomenclature of tangent bifurcation has a different meaning
in other literature, where it is sometimes used to describe saddle–
centre bifurcations.
11D. Lester, L. D. Smith, G. Metcalfe, and M. Rudman “Beyond
Hamiltonian: Chaotic Advection in a Three-Dimensional Vol-
ume Preserving Flow”, in Proc. 9th Int. Conf. on CFD in the
Minerals and Process Industries (2012).
12L. Smith, D. Lester, and G. Metcalfe “Chaotic Advection in a
Three-Dimensional Volume Preserving Potential Flow”, in Proc.
18th AFMC (2012).
13L. Smith, M. Rudman, D. Lester, and G. Metcalfe “Coherent
Structures in a Three-dimensional Chaotic Potential Flow”, in
Proc. 19th AFMC (2014).
14D. Lester, G. Metcalfe, M. Trefry, A. Ord, B. Hobbs, and M.
Rudman, “Lagrangian topology of a periodically reoriented po-
tential flow: Symmetry, optimization, and mixing,” Phys. Rev.
E 80, 036208 (2009).
15G. Metcalfe, D. Lester, A. Ord, P. Kulkarni, M. Rudman, M.
Trefry, B. Hobbs, K. Regenauer-Lieb, and J. Morris, “A partially
open porous media flow with chaotic advection: towards a model
of coupled fields,” Phil. Trans. R. Soc. A 368, 217–230 (2010).
16M. Trefry, D. Lester, G. Metcalfe, A. Ord, and K. Regenauer-
Lieb, “Toward enhanced subsurface intervention methods using
chaotic advection,” J. Contam. Hydrol. 127, 15–29 (2012).
17H. A. Sheldon, P. M. Schaubs, P. K. Rachakonda, M. G. Trefry, L.
B. Reid, D. R. Lester, G. Metcalfe, T. Poulet, and K. Regenauer-
Lieb, “Groundwater cooling of a supercomputer in Perth, West-
ern Australia: hydrogeological simulations and thermal sustain-
ability,” Hydrogeology Journal 23(8), 1831–1849 (2015).
18D. C. Mays and R. M. Neupauer, “Plume spreading in groundwa-
15
ter by stretching and folding,” Water Resources Research 48(7),
W07501 (2012).
19G. Dassios and J.-E. Sten, “On the Neumann function and the
method of images in spherical and ellipsoidal geometry,” Math.
Meth. Appl. Sci. 35, 482–496 (2012).
20G. M. Homsy, “Viscous fingering in porous media,” Annual re-
view of fluid mechanics 19(1), 271–311 (1987).
21G. Metcalfe, D. Lester, M. Trefry, and A. Ord “Transport in a
partially open porous media flow”, in Proc. SPIE 6802, Complex
Systems II, 68020I (2007).
22J. Finn and L. Chaco´n, “Volume preserving integrators for
solenoidal fields on a grid,” Phys. Plasmas 12(054503), 054503
(2005).
23G. Metcalfe, Complex Physical, Biophysical, and Econophysical
Systems, vol. 9, Lecture Notes in Complex Systems, Chap. Ap-
plied Fluid Chaos: Designing Advection with Periodically Re-
oriented Flows for Micro to Geophysical Mixing and Transport
Enhancement, pp. 189–242 (World Scientific, 2010).
24V. Malyuga, V. Meleshko, M. Speetjens, H. Clercx, and G. Van
Heijst, “Mixing in the Stokes flow in a cylindrical container,”
Proceedings of the Royal Society of London A: Mathematical,
Physical and Engineering Sciences 458(2024), 1867–1885 (2002).
25A. Katok and B. Hasselblatt, Introduction to the Modern Theory
of Dynamical Systems (Cambridge University Press, 1996).
26R. Thom, Structural stability and morphogenesis (Addison Wes-
ley Publishing Company, 1989).
27M. He´non, “Numerical exploration of Hamiltonian systems,”
Chaotic Behavior of Deterministic Systems (Les Houches, 1981),
53–170 (1983).
28Note that for each periodicity, there may be multiple types of
tangent bifurcations, e.g. there may exist bifurcations other than
saddle–centre bifurcations when a period-1 line becomes tangent.
29M. J. Feigenbaum, “The universal metric properties of nonlinear
transformations,” Journal of Statistical Physics 21(6), 669–706
(1979).
